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Abstract
The non-holonomic deformations of non-local integrable systems belonging to the
Nonlinear Schro¨dinger family are studied using the Bi-Hamiltonian formalism as well as
the Lax pair method. The non-local equations are first obtained by symmetry reductions
of the variables in the corresponding local systems. The bi-Hamiltonian structures of
these equations are explicitly derived. The bi-Hamiltonian structures are used to obtain
the non-holonomic deformation following the Kupershmidt ansatz. Further, the same
deformation is studied using the Lax pair approach and several properties of the defor-
mation discussed. The process is carried out for coupled non-local Nonlinear Schro¨dinger
and Derivative Nonlinear Schro¨dinger (Kaup Newell) equations. In case of the former,
an exact equivalence between the deformations obtained through the bi-Hamiltonian and
Lax pair formalisms is indicated.
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1
1 Introduction
The importance of completely integrable systems in different areas such as water waves,
plasma physics, field theory, nonlinear optics, lattice dynamics etc. can hardly be
overemphasized [1]. The standard technique to study integrable models is by using
the Lax pair, using the zero curvature or flatness condition [2]. Systems are consid-
ered to be integrable when they contain infinitely many conserved quantities which lead
to the stability of the soliton solutions. These constants of motion determine the sys-
tem dynamics, thereby allowing solution by the method of Inverse Scattering Transform
(IST) in appropriate variables [3, 4]. The integrable systems are found to possess a local
bi-Hamiltonian structure [5, 6]. It is well known that starting from a suitably chosen
spectral problem, one can set up a hierarchy of non-linear evolution equations. This is
attained by using recurrence relations which enable construction of the hierarchy through
use of certain polynomial functions, generating the Lax pairs and thereby the different
equations of the hierarchy. One of the ongoing challenges in the study of integrable
systems is to construct such systems associated with non-linear evolution equations of
physical significance.
Two relatively recent developments in the field of integrable systems seem to be hav-
ing an important impact on the growth and orientation of the field. The first one was
initiation of the concept of non-holonomic deformation of integrable models in 2008
while the second event was introduction of non-local integrable systems in 2013. Con-
sidering the latter one first, we note that the Nonlinear Schro¨dinger (NLS) equation, in
one space and one time (1+1) variables is an extremely well known classical nonlinear
integrable equation, appearing in diverse physical systems [7, 8] encompassing nonlinear
optics, plasma physics, fluid mechanics and also in mathematical fields like differential
geometry [9]. A new integrable reduction of this well known equation was obtained [10],
called the Non-local Nonlinear Schrdinger Equation. This equation is PT symmetric,
[22, 23, 24] i.e. it is symmetric under the parity -time transfor m x → −x, t → −t,
q → q∗. It has been introduced as a mathematical model to discuss wave propogation
in PT symmetric nonlinear media [11, 12, 13]. A multi-dimensional analogue of the
non-local nonlinear Schrdinger equation was also discovered [14]. A variety of integrable
non-local nonlinear equations were obtained through symmetry reductions of the AKNS
scattering problem, the non-locality appearing in both space and time or time alone [15].
Examples include, apart from nonlocal NLS, the modified KdV, sine-Gordon, (1 + 1)
and (2 + 1) dimensional three-wave interaction, derivative NLS, Davey-Stewartson etc.
Several related work were undertaken subsequently[16, 17, 18, 19, 20, 21]which dealt
with different aspects of nonlocal integrable systems.
The second development, viz. the non-holonomic deformation of integrable systems is
one in which the system is perturbed in such a manner that under suitable differential
constraints on the perturbing function, the system retains its integrability. It was shown
by Karasu-Kalkani et al [25] that the integrable 6th order KdV equation represented
a nonholonomic deformation(NHD) of the celebrated KdV equation. The terminology
“nonholonomic deformation” was used by Kupershmidt [26]. In [27] a matrix Lax pair,
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the N-soliton solution using inverse scattering transform and a two-fold integrable hier-
archy were obtained for the non-holonomic deformation of the KdV equation. In [28] the
work was extended to include the non-holonomic deformation of both KdV and mKdV
equations along with their symmetries, hierarchies and integrability. The non-holonomic
deformation of derivative NLS and Lenells-Fokas equations was discussed in [29], while
such deformation of generalized KdV type equations was taken up in [30] where emphasis
was put on the geometrical aspect of the problem. Kupershmidt’s infinite-dimensional
construction was extended in [31] to obtain non-holonomic deformation of a wide class of
coupled KdV systems, all of which are generated from the Euler-Poincare-Suslov flows. A
comparative study encompassing two different types of deformations, viz. non-holonomic
and quasi-integrable, of equations in the NLS and DNLS hierarchy was undertaken in
[32].
1.1 The purpose, result and structure of the paper
Consider a coupled system of evolution equations given by
iqt = qxx − 2q
2r, −irt = rxx − 2r
2q, (1)
where q(x, t) and r(x, t) are potentials of the well-known AKNS 2 × 2 linear scattering
problem. We obtain the celebrated NLS equation when r = σq∗, σ = ∓1. As discussed
above, Ablowitz and Musslimani [10] obtained a new interesting reduction of the AKNS
scattering problem, given by r(x, t) = σq∗(−x, t). This leads to the integrable nonlocal
NLS equation having profound applications in PT symmetric quantum physics and op-
tics, giving rise to the name PT symmetric NLS equation (or PTNLS in short). Ablowitz
and Musslimani [10] developed the inverse scattering transform for decaying data and
obtained a one breathing soliton solution.
More recently, Ablowitz and Musslimani [15] found two more reductions of the AKNS
scattering problem leading to interesting nonlocal NLS type equations. These are given
by r(x, t) = σq(−x,−t) and r(x, t) = σq(x,−t), and the equations which are obtained
from these two reductions are called reverse space-time NLS (RSTNLS) and reverse time
NLS (RTNLS) equations respectively. Ablowitz and Musslimani have found many other
nonlocal integrable equations such as nonlocal modified Korteweg-de Vries equation,
nonlocal Davey-Stewartson equation, nonlocal sine-Gordon equation, and nonlocal (2
+ 1)-dimensional three-wave interaction equations. The work carried out by Ablowitz
and Musslimani has led to a flurry of activities on nonlocal reductions of systems of
integrable equations.
The purpose of the present work is to tie together the two relatively recent devel-
opments in the field of integrable systems by examining the effect of non-holonomic
deformation on non-local integrable systems. The non-local systems are obtained by
imposing suitable symmetry reductions on one of the dynamical variables occurring in
the Lax pair. On the other hand, the deformation could be achieved either starting from
the bi-Hamiltonian structure of the system of equations following the method adopted
in [26] or by inserting perturbing functions in the temporal component of the Lax pair.
The study is undertaken in respect of the NLS and the DNLS equations by first obtain-
ing the corresponding non-local systems and then deforming the systems so obtained.
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The latter is implemented using both approaches mentioned above. The NLS equation
is chosen as a test platform in view of its generic nature and wide range of applications.
The results obtained indicate the following:
(i) non-locality gets introduced not only in the dynamical variables but also in the
perturbing variables;
(ii)the perturbing variables enter as ”source” terms and make the deformed equations
inhomogenous compared to the original integrable systems;
(iii)the bi-hamiltonian approach shows that the constraints on the deforming functions
are integro-differential in nature;
(iv)an exact equivalence is easy to establish between the bi-hamiltonian and Lax pair
approaches in case of the Nonlinear Schro¨dinger (NLS) equation. The results become
more complex in case of the Kaup-Newell system of equations.
The rest of the paper is organized as follows: Section 2 discusses the Non-local Non-
linear Schrdinger (NNS)equation and its bi-Hamiltonian structure. Section 3 demon-
strates the Non-Holonomic Deformation of the NNS system by using the Lax pair ap-
proach as well as the Kupershmidt prescription and establishes the equivalence of the two
approaches. Section 4 considers the derivative NLS using the Kaup-Newell equation and
derives the non-local counterpart. Section 5 is devoted to the study of non-holonomic
deformtion of the non-local Kaup-Newell system. Section 6 lists possible outcomes and
indicates how the study may be carried forward.
2 Non-local Nonlinear Schro¨dinger equation and
its bi-Hamiltonian structure
We start with the Lax pair of the coupled Nonlinear Schro¨dinger equations given by
U = −iλσ3 + q(x, t)σ+ + r(x, t)σ−,
V =
(
2iλ2 + iq(x, t)r(x, t)
)
σ3 − 2λ(q(x, t)σ+
+r(x, t)σ−) + i (−qx(x, t)σ+ + rx(x, t)σ−) . (2)
The coupled NLS equations, in terms of both q and r are given by
qt = −iqxx + 2iq
2r, rt = irxx − 2ir
2q; (3)
and can be obtained as consistency equations, by imposing the usual zero-curvature
condition:
Ut − Vx + [U, V ] = 0. (4)
The bi-Hamiltonian structures of the pair of NLS equations are given by:
B1 =
(
0 −i
i 0
)
,
B2 =
(
q∂−1x q
1
2∂x − q∂
−1
x r
1
2∂x − r∂
−1
x q r∂
−1
x r
)
, (5)
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and the corresponding conserved densities are:
H1 = −
∫
(qxrx + q
2r2)dx and H2 = i
∫
(rxq − qxr)dx. (6)
Under the standard AKNS symmetry, we put
r(x, t) = σq∗(x, t) (7)
On putting σ = 1, equation (3) reduces to
qt(x, t) = −iqxx(x, t)+2iq
2(x, t)q∗(x, t), q∗(x, t)t = iq
∗
xx(x, t)−2iq
∗2(x, t)q(x, t) (8)
Under this symmetry, the Hamiltonian structures are
B1 =
(
0 −i
i 0
)
,
B2 =
(
q∂−1x q
1
2∂x − q∂
−1
x q
∗
1
2∂x − q
∗∂−1x q q
∗∂−1x q
∗
)
, (9)
while the conserved densities become
H1 = −
∫
(qxq
∗
x + q
2q∗2)dx and H2 = i
∫
(q∗xq − qxq
∗)dx. (10)
Under the parity-time (PT) preserving symmetry which generates the non-local non-
linear Schro¨dinger equation, we take
r(x, t) = q∗(−x, t) (11)
whereby (3) gives the pair of non-local non-linear Schro¨dinger equations (NNS), viz.
qt(x, t) = −iqxx(x, t)+2iq
2(x, t)q∗(−x, t), q∗(−x, t)t = iq
∗
xx(−x, t)−2iq
∗2(−x, t)q(x, t)
(12)
The foregoing equations are non-local since the evolution of the dynamical variable
at the transverse coordinate x always requires information from the opposite point (−x).
To check PT symmetry, the first of the equations in (12) is rewritten as
iqt(x, t) = qxx(x, t) + V (q, x, t)q(x, t) (13)
where
V (q, x, t) = −2q(x, t) + q∗((−x, t) (14)
is the self-induced potential.
It is easy to show that
V (q, x, t) = V ∗(q,−x, t) (15)
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which establishes the PT symmetry condition.
The bi-Hamiltonian structure of the pair of NNS equations are given by
B1NNS =
(
0 −i
i 0
)
,
B2NNS =
(
q(x, t)∂−1x q(x, t)
1
2∂x − q(x, t)∂
−1
x q
∗(−x, t)
1
2∂x − q
∗(−x, t)∂−1x q(x, t) q
∗(−x, t)∂−1x q
∗(−x, t)
)
, (16)
Here the arguments of q and q∗ are written out explicitly to emphasize the non-local
character of the equations.
The corresponding conserved densities are
H1NNS = −
∫
(qxq
∗
x + q
2q∗2)dx, H2NNS = i
∫
(q∗xq − qxq
∗)dx (17)
As before q = q(x, t) and q∗ = q∗(−x, t) in the immediately preceding equation.
3 Non-holonomic deformation of Non-local Non-
linear Schro¨dinger equation
3.1 The Bi-Hamiltonian approach
In this formalism, one uses (i) the bi-Hamiltonian structure of the parent equation and
(ii) deforming variables, to obtain the deformed equations as well as the constraint
conditions on the deforming functions. In the present case, the pair of deformed non-
local non-linear Schro¨dinger equations may be expressed as
(
q(x, t)
q∗(−x, t)
)
t
= B1NNS
(
δ
δq
δ
δq∗
)
H1NNS −B
1
NNS
(
g(x, t)
g∗(−x, t)
)
= B2NNS
(
δ
δq
δ
δq∗
)
H2NNS −B
1
NNS
(
g(x, t)
g∗(−x, t)
)
, (18)
where g(x, t) and g∗(−x, t) are the perturbing functions, ∗ denotes the complex con-
jugate, and the argument of the complex conjugate is taken suitably to fit into the NNS
scheme.
Following the method adopted in [26] (18) yields the following pair of deformed non-
local non-linear Schrdinger equations
qt(x, t) = −iqxx(x, t) + 2iq
∗(−x, t)q2(x, t) + ig∗(−x, t) (19)
q∗t (−x, t) = iq
∗
xx(−x, t)− 2iq
∗2(−x, t)q(x, t) − ig(x, t) (20)
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The constraints on the perturbing variables g(x, t) and g∗(−x, t) are obtained by
setting
B2NNS
(
g(x, t)
g∗(−x, t)
)
= 0, (21)
that leads to the conditions:
g∗x(−x, t) + 2q(x, t)∂
−1[q(x, t)g(x, t) − q∗(−x, t)g∗(−x, t)] = 0 (22)
gx(x, t) + 2q
∗(−x, t)∂−1[q∗(−x, t)g∗(−x, t)− q(x, t)g(x, t)] = 0 (23)
Thus the constraints, as they stand, are integro-differential in nature.
Multiplying (22) by q∗(−x, t) and (23) by q(x, t) and adding, one obtains
q(x, t)gx(x, t) + q
∗(−x, t)g∗x(−x, t) = 0 (24)
3.2 Lax pair approach
To construct the NHD in this method, one starts with a Lax pair, keeping the space
part U(λ) unchanged but modifying the temporal component V (λ). This implies that
the scattering problem remains unchanged, but the time evolution of the spectral data
becomes different in the perturbed models. To retain integrability the non-holonomic
constraints have to be affine in velocities prohibiting explicit velocity dependence of the
deformed dynamical system. This insists on deformation of the temporal component
of the Lax pair only as in absence of its time derivative in the flatness condition the
dynamical equation can remain velocity independent [33]. It is due to such construction
that the system can retain its integrability inspite of being subject to perturbation.
Under the PT symmetric transformation, the Lax pair takes the form
U = −iλσ3 + q(x, t)σ+q
∗(−x, t)σ− (25)
Voriginal = [2iλ
2+iq(x, t)q∗(−x, t)]σ3−[2λq(x, t)+iqx(x, t)]σ++[−2λq
∗(−x, t)+iq∗x(−x, t)]σ−
(26)
where Voriginal is the undeformed temporal component of the Lax pair and the argu-
ments of the variables have been explicitly shown to emphasize the non-locality present.
The only scale present in the system is the spectral parameter λ, defining the corre-
sponding solution space. In order to obtain a deformation of the temporal part, that
maintains integrability through the flatness condition of the type in equation (4), it is
intuitively obvious that the deformation part will be a function of λ. We propose the
following additive deformation term to the temporal Lax component of the non-local
NLS equation
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Vdeformation =
1
2
λ−1[a(x, t)σ3 + b(x, t)σ+ + c(x, t)σ−] (27)
The adopted deformation of equation (27) contains only O
(
λ−1
)
terms. The presence
of higher order terms in λ (zero or positive powers) only lead to additional perturbed
dynamical systems at each order, and vanish when the terms are substituted order-by-
order. This is because the non-local NLS equations arise from contributions of O
(
λ0
)
in the flatness condition, and the presence of any higher order contribution is decoupled
from the dynamics governed by the same. Therefore, the highest order deformations
end-up yielding trivial identities, that eventually eliminates all the contribution with
positive powers of λ in the non-local NLS equation. One can verify this by adding a
term with positive powers of λ to Vdeformed. Therefore, the expression in equation (27)
is general as far as zero or positive powers of λ are concerned.
Taking V˜ = Voriginal + Vdeformation and imposing the zero curvature or flatness con-
dition, the non-holonomic deformed equations are obtained as the O
(
λ0
)
terms in the
above condition
qt(x, t) + iqxx(x, t)− 2iq
2(x, t)q∗(−x, t)− ib = 0 (28)
q∗t (−x, t)− iq
∗
xx(−x, t) + 2iq
∗2(−x, t)q(x, t) + ic = 0 (29)
Putting b(x, t) = g∗(−x, t) and c(x, t) = g(x, t) in equations (28) and (29) respectively,
we are led to the non-holonomic deformed coupled non-local NLS equations
qt(x, t) = −iqxx(x, t) + 2iq
2(x, t)q∗(−x, t) + ig∗(−x, t) (30)
q∗t (−x, t) = iq
∗
xx(−x, t)− 2iq
∗2(−x, t)q(x, t) − ig(x, t) (31)
Such deformations are trivially expected and they effectively make the original non-local
NLS equations inhomogeneous by introducing source terms g and g∗ to the dynamics.
Such equations are already known to form integrable systems, and thus, satisfy our pri-
mary goal.
The differential constraints con the perturbing variables are obtained from the O
(
λ−1
)
sector in the flatness condition, on equating the coefficients of the generators σ3, σ+ and
σ− :
ax = q(x, t)g(x, t) − q
∗(−x, t)g∗(−x, t) (32)
g∗x(−x, t) + 2q(x, t)a(x, t) = 0 (33)
gx(x, t)− 2q
∗(−x, t)a(x, t) = 0 (34)
Eliminating a(x, t) from the above equations, we obtain a single differential constraint
as
q(x, t)gxx(x, t)+q
∗
x(−x, t)g
∗
x(−x, t)+2q(x, t)q
∗(−x, t)[q∗(−x, t)g∗(−x, t)−q(x, t)g(x, t)] = 0
(35)
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Using (30) and (31) to eliminate the remaining perturbing variables g(x, t) and
g∗(−x, t) from equation (35), we derive a single higher order non-holonomic deformed
non-local Non-linear Schro¨dinger equation given as:
q(x, t)
[
∂2 − 2q(x, t)q∗(−x, t)
][
iq∗t (−x, t) + q
∗
xx(−x, t)− 2q(x, t)q
∗2(−x, t)
]
+q∗x(−x, t)
[
− iqt(x, t) + qxx(x, t)− 2q
2(x, t)q∗(−x, t)
]
x
+2q(x, t)q∗2(−x, t)
[
− iqt(x, t) + qxx(x, t)− 2q
2(x, t)q∗2(−x, t)
]
. (36)
Such an equation is subjected to the dynamics of equations (30) and (31), and there-
fore do not yield any new dynamics, and eventually reflects the constraint itself in a
different form. This is in accord with the previous argument that no term, with power
of λ other than that responsible for yielding equations (30) and (31), can yield dynamics
to the non-local NLS system, as it will violate the overall integrability of the system
itself.
The constraint of equation (35) is non-holonomic in nature, as it contains differentials of
corresponding variables, and characterizes the corresponding deformation. It is crucial
that such a constraint solely arises from the terms with negative power of the spectral
parameter. Further, explicit forms of the local functions a, g1 and g2 are not necessary
to establish the integrability, and they represent a class that satisfies the constraint in
equation (35). In other words, the constraints arise form O
(
λ−1
)
contributions, and ad-
ditionally restrict the allowed values of q(x, t) and q∗(−x,−t) of the deformed dynamics
of O
(
λ0
)
.
From (33) and (34) we obtain
q∗(−x, t)g∗x(−x, t) + q(x, t)gx(x, t) = 0 (37)
which agrees with (24), thereby establishing the equivalence of the Bi-Hamiltonian and
Lax pair approaches.
4 Derivative Nonlinear Schro¨dinger equations and
their bi-Hamiltonian structure
4.1 The coupled Kaup Newell system
We consider the Lax pair of the Kaup-Newell (KN)system which belongs to the Deriva-
tive Nonlinear Schro¨dinger family of integrable systems. This is given by
U = −iλ2σ3 + λqσ+ + λrσ− (38)
V = −i(2λ4 + λ2qr)σ3 +
[
2λ3q + λ(iqx + q
2r)
]
σ+ +
[
2λ3r + λ(−irx + qr
2)
]
σ− (39)
The zero curvature condition leads to the following coupled Kaup-Newell system of equa-
tions
qt(x, t) = iqxx(x, t) + (q
2(x, t)r(x, t))x (40)
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rt(x, t) = −irxx(x, t) + (q(x, t)r
2(x, t))x (41)
The bi-Hamiltonian structure of the Kaup-Newell system is given by
B1KN =
(
0 ∂
∂ 0
)
,
B2KN = B
1
KNJKNB
1
KN (42)
where
J =
(
r∂−1r i+ r∂−1q
i+ q∂−1r q∂−1q
)
, (43)
The conserved densities are
H1KN =
1
2
∫
(q2r2 + i(qxr − qrx))dx and H
2 =
∫
(qr)dx. (44)
4.2 Symmetry reduction and non-local coupled Kaup-Newell
system
We impose the symmetry reduction
r(x, t) = q(−x,−t) (45)
Under this reduction the system of equations (40) and (41) are compatible and we obtain
the reverse space-time non-local coupled ”classical” DNLS equations or the non-local
coupled Kaup-Newell system given below:
qt(x, t) = iqxx(x, t) + (q
2(x, t)q(−x,−t))x (46)
qt(−x,−t) = −iqxx(−x,−t) + (q(x, t)q
2(−x,−t))x (47)
The non-local character of the equations arises from the fact that evolution of the field at
a given spatial and temporal coordinate x and t is governed not only by the values of the
field at these coordinates, but also by the information coming from the corresponding
reversed coordinates viz. (−x) and (−t).
The bi-Hamiltonian structure of the above equations are given by
B1NKN =
(
0 ∂
∂ 0
)
,
B2NKN = B
1
NKNJNKNB
1
NKN (48)
where
JNKN =
(
q(−x,−t)∂−1q(−x,−t) i+ q(−x,−t)∂−1q(x, t)
i+ q(x, t)∂−1q(−x,−t) q(x, t)∂−1q(x, t)
)
, (49)
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Here NKN denotes the non-local Kaup-Newell system.
The conserved densities are given by
H1NKN =
1
2
∫
(q2(x, t)q2(−x,−t) + i(qx(x, t)q(−x,−t) − q(x, t)qx(−x,−t)))dx
H2NKN =
∫
(q(x, t)q(−x,−t))dx (50)
5 Non-holonomic deformation of non-local cou-
pled Kaup Newell system
The methods and arguments adopted while deriving the non-holonomic deformation of
the non-local coupled Kaup Newell system are similar to those followed in case of the
non-local coupled Nonlinear Schro¨dinger equations.
5.1 The Bi-Hamiltonian approach
In this formalism, the non-local coupled Kaup-Newell systems, under non-holonomic
deformation, are expressed in terms of the bi-Hamiltonian structure and the conserved
densities as
(
q(x, t)
q(−x,−t)
)
t
= B1NKN
(
δ
δq(x,t)
δ
δq(−x,−t)
)
H1NKN −B
1
NKN
(
g1(x, t)
g2(−x,−t)
)
= B2NKN
(
δ
δq(x,t)
δ
δq(−x,−t)
)
H2NKN −B
1
NKN
(
g1(x, t)
g2(−x,−t)
)
, (51)
Here g1(x, t) and g2(−x,−t) are the perturbing functions; the argument of the second
function is suitably modified to fit the reverse space-time non-local character of the par-
ent equations.
From (51), the pair of deformed non -local coupled KN equations are
qt(x, t) = iqxx(x, t) + (q
2(x, t)q(−x,−t))x − g
2
x(−x,−t) (52)
qt(−x,−t) = −iqxx(−x,−t) + (q
2(−x,−t)q(x, t))x − g
1
x(x, t) (53)
The constraints on the perturbing variables g1(x, t) and g2(−x,−t) are obtained by set-
ting
B2NKN
(
g1(x, t)
g2(−x,−t)
)
= 0, (54)
and yield the following equations
ig2xx(−x,−t) + (q(x, t)B)x = 0 (55)
− ig1xx(x, t) + (q(−x,−t)B)x = 0 (56)
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where B = ∂−1A, and
A = q(x, t)g1x(x, t) + q(−x,−t)g
2
x(−x,−t) = 0 (57)
5.2 Lax pair approach
To derive the non−holonomic deformation in case of the non-local Kaup Newell system,
one starts with the following Lax pair
U = −iλ2σ3 + λq(x, t)σ+ + λq(−x,−t)σ− (58)
Voriginal = (−2iλ
4 − iλ2q(x, t)q(−x,−t))σ3
+(2λ3q(x, t) + λ(iqx(x, t) + q
2(x, t)q(−x,−t)))σ+
+(2λ3q(−x,−t) + λ(−iqx(−x,−t) + q(x, t)q
2(−x,−t)))σ− (59)
where Voriginal denotes the undeformed temporal component of the Lax pair generating
the non-local coupled Kaup-Newell system of equations.
We introduce deformation in the time component above by defining
Vdeformed = α(G
0 + λ−1G1 + λ−2G2) (60)
where
G(0) = wσ3 +m1σ+ +m2σ− (61)
G(1) = aσ3 + g1σ+ + g2σ− (62)
G(2) = bσ3 + f1σ+ + f2σ− (63)
Taking V˜ = Voriginal + Vdeformed and using the zero curvature condition on U defined
by (58) and V˜ , we arrive at the following results for the variables contained in the func-
tions G0, G1 and G2:
m1 = 0, m2 = 0, a = 0, f1 = 0, f2 = 0 and b = b(t) where the last entry indicates that
b is a function of t only.
The pair of non-holonomic deformed coupled non-local Kaup-Newell equations are given
below
qt(x, t)− iqxx(x, t)− (q
2(x, t)q(−x,−t))x − 2iαg1 − 2αwq(x, t) = 0 (64)
qt(−x,−t) + iqxx(−x,−t)− (q
2(−x,−t)q(x, t))x + 2iαg2 − 2αwq(−x,−t) = 0 (65)
The differential constraints on the non-zero variables w, g1 and g2 are given by
wx = q(x, t)g2 − q(−x,−t)g1 (66)
g1x + 2b(t)q(x, t) = 0 (67)
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g2x − 2b(t)q(−x,−t) = 0 (68)
We now try to obtain new non-linear integrable systems by resolving the constraint re-
lations and expressing the perturbing variables in terms of the basic field variables. To
this end, let us put
q(x, t) = ux(x, t)
q(−x,−t) = vx(−x,−t) (69)
Using (69) in (66),(67) and (68) we are led to the following relations:
g1 = −2b(t)u(x, t)
g2 = 2b(t)v(−x,−t)
w = 2b(t)u(x, t)v(−x,−t) +K(t) (70)
Eliminating g1, g2 and w from (64) and (65) by using (70), we can rewrite the non-
holonomic deformed coupled non-local (space and time reversed) Kaup-Newell system
as
uxt(x, t)− iuxxx(x, t)− (u
2
x(x, t)vx(−x,−t))x + 4iαb(t)u(x, t)
−2αux(x, t)(2b(t)u(x, t)v(−x,−t) +K(t)) = 0 (71)
vxt(−x,−t) + ivxxx(−x,−t)− (ux(x, t)v
2
x(−x,−t))x + 4iαb(t)v(−x,−t)
+2αvx(−x,−t)(2b(t)u(x, t)v(−x,−t) +K(t)) = 0 (72)
Equations (71) and (72) are coupled non-local evolution equations that are non-
autonomous in character with arbitrary time dependent coefficients b(t) and K(t). The
constraints have been resolved and thus removed from the system. These equations may
be regarded as generalized non-local versions of the Lennels-Fokas equations with the
inclusion of a non-linear derivative term as well as higher order dispersion term.
6 Discussion and conclusion
The study of non-local integrable systems is a relatively new area in the domain of in-
tegrable systems. The results in this paper are significant in two different ways. Firstly,
from a mathematical point of view, we presented integrable nonlocal equations which
have some physical applications in PT-symmetric quantum physics. The bi-hamiltonian
structure of these nonlocal equations have been clearly furnished as part of the analysis.
Secondly, this is probably the first work in which such systems have been studied un-
der the lens of non-holonomic deformation, which is a perturbing method that retains
integrability of the system. The deformation is carried out using the bi-Hamiltonian for-
malism due to Kupershmidt as well as the Lax pair approach. The systems chosen were
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those belonging to the Nonlinear Schro¨dinger family, since the Nonlinear Schro¨dinger
equation is one of the most celebrated equations having a number of physical applica-
tions.
Our next programme will be to study the soliton nd multi-solitons solutions of these
new set of nonlocal NLS equations. It will also be interesting to study other aspects of
non-local systems ofother members of the Nonlinear Schro¨dinger equation family, such
as their behaviour under Quasi-integrable deformation (QID) [34, 35] obtaining them
under reduction of the Self-dual Yang Mills (SDYM) equations [36, 37] and their con-
nection with other integrable systems [38]. These topics will form the basis of our future
investigations in this area [39].
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An observation
A large number of papers have been published on non-local integrable systems in the
past few years. We have cited only those papers which have a direct bearing on and
relevance to the present work.
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